1883.] Je) (Hagen.

Ildentity between a micrococcus-form and bacitlius-form has already been
noted.

M. Miguel, who has recently studied in a most thorough manner the
germs found in the air, gives ficures of the development of an organism
which, at one stave of its life, has all the characters of a very long bacillus,
and afterwards by segmentation into spherules of equal size, forms chaplets
of microcoeed, liable to separate 1nto small groups,

The editor of the Revue Seientifigue, that stronghold of the microbe con-
tagion theory, admits, in a late issue. that the forms found in disease are
probably varieties of habitat, and not species, yet still considers them as
the cause of the digeases they accompany.

After admitting the great variability of these simple organisms, 1N ac-
cordance with their habitat, is it not arguing in a cirele to maintain that
varieties caused by certain conditions are themselves the primary cause
of thosge conditions ?

On the Reversion of Series and its Application to the Solution of Numerieal
Faouations. By J. (. Hagen, S. J. Prof. College of the Suered IHeart,
Prairie du Ohien, Wisconsin.

( Read before the American Philosophical Society, April 6, 1853.)

In a treatise entitled ¢ Die allgemeine Umkehrung gegebener Func-
tionen,”’ which was published in 1849, Professor Schldomileh maintaing, that
all the methods of reversing series, based upon the theory of Combinations,
fail in the l‘”i“" n(‘-,m-x.ntzf(r.u.l ;.v/)/),',/.'c'.f//,z.'uu, and that even l):lgr:\,nj_:c’s formula
presents an unfavorable forw of such reversions. T'he author then proceeds
to develop two new methods of reversing any given function, the one by
means of Fourier’s series, the other by definite integrals. In a theoretical
view. Profesgor Schlomileh’s methods are no doubt preferable to all the
ancient ones on account of both their generality and their simplicity ; yet
when there is question about computing the numerical values of the
coeflicients of a reversed series, it should not be forgotten, that in most
cases these definite integrals, in spite of their elegant form, can not be com-
puted except by development, thus in many cases causing even greater
trouble than the old method of combinations in the case of algebraic func-
tions.

The treatise here publighed does not claim to furnish a new method, but
isintended to give the recurring formula for determining the coefficients of
the reversed series such a perspicuous form as to render its practical appli-
cation easy, and then to apply the same to the solution of numerical
equations,
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PART 1.

I’ In O 1A
31. Giventhe series 3 = ¥ A_vy*, to find the reversed series y = 3 Bs 38,
g §=0

where p and B are unknown. Replacing y by the latter geries, we obtain

1 I l’ﬁ I r
¥ =8 I_ Y Bs ¥x8 or, applying Waring’s formula,
o
<)

i () 0
1’ m ]; (l”” 41 T‘; ;(ll"
. e ] 1 VBV A 'Y
P = O a, I (&) T (2 ). . .J'T(“//.”)
In the formula, =(r) =123 . . . r, according to the notation of Gauss,

and the series ¢, ;.. ., represents all such combinations of the num-

bers 0, 1, 2, 8, . .. ras satisfy the condition

£y ‘l‘- 9 + 9 —{— . . b l a, — T,

.
The last formula is an identical equation and, according to the theorem

of Indeterminate Coefficients, may be resolved into the tollowing con-
ditions :

Yre 00 ‘ S
I. Case. Oy + Loy + Ry + . .« + p o, =0.
This equation admits of the following combinations :

4y o/ Ly 7 1

() () 0 () 0
1 0 () () l
< 0 0 () 2

o~
| :
| hence we have the condition
P=m ]}Or I' ==
2 Ay w(T) =0 or JAa Bf=0. (1)
r==0 m(T) = 0 |

Though this equation is of the mth degree with recard to 3, yet for
the reversion of series, but one of its roots is fit, because there 18 but one

way of developing y into @ series of ascending powers of ¥, and indeed we
find that 13, is to satisfy still another condition.

Putting y = o we have ¥ = A, hence
O == )}
2 By AS = 0.
§ =0
In the special case A, = 0 we have B, = 0.
2. Cuase. 0(1,(, -+ 1(11 -} 2(12 o = Py = L
This case admits of the following combinations :
0 1y (Ly Iy Ly r
0 | () 0 0 1
] 1 0 0 0 2
2 1 0 0 0 3
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Hence we have the second condition

" i Y 'p
5 Ag ) bl o (2)
o= r ) _(l‘ —‘ ) » ! .
P =0 /l
! P ‘)
57 (_/(.(‘.\’(.". n,,_“ -{—- l’/-l ——i- »3(1_.3 + > + 1 U'IL . &y
This equation admits of the combinations :
%0 (hy Ly o3 (/4 L ) (L1 (Lo (1 o4 r*
TR A TS [ | R ) (L
| (0 1 () () 2 l 2 () () 0 2
2 () i () () o 2 2 () 0 () 4

[Hence the third condition 18

0h: wln Do — B o ] (3)
r 77(!) I:‘T(l—“) 7(1) + ,_(‘____0) ‘T(O)
4. Case. Ouo + lag -+ Rag ==« « « -+ p a, = o

The combinations of this case are the f()llnwmg :

Uy Oy Oy Oy 1y Og k . @y Oy Oy g 'y Ug | 1 Qg Gy Gy Bg OF ] T

T O o e A B oo TR s T 1 D 080 0 et 9

L9 9 1 00 2 | I 1 ALY A - 5 b} 0 0 4

00 1 00§ 3 - 0 M A TN 4 9 8 0 0 5
|

Hence the fourth condition

_ “l P =l ]) l“' l; l), } P)u‘ 2 l;l‘ :l | 1
l‘tt(l) [ (l____1) (l) :(l— (l) __(l) :_T(l.H:;) _{_(:)’) (L ( )
(/(IIS() .()(/0 + l(l.l + 2’(},2 —i" T 1 L ([[1« l

Here we have the following possible combinations :

i

Ly (ll (12 (Lo (14 (L * Lo (4 (Lo (L I hy Oy g ('(3 T
0y 000 0% 0 1 ot oot il e D3 170~ 18
RN T S R ¢ I R 12 3 ([ W A 4
20 0.0 1 0 |8 g AN 40 b o % 1.0 5

(o Ly @y 1 (o Oy Oy Og 1

0 &0, |4 00 2 0 |2

1 4 0 i VL | 7 S 2

2 & 0 (3 D &0 4

Het " . - '¢ &4

Hence the fifth condition :

e BB, . B ( B,B; ) B/~ B B,
E A 20| 1) (D T r—2) \2(D) ,‘<1>+-<~>) + 2(—3) 7@ (1)

P.=0
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ot I,)”" ' )’(i' J ” (.’))
- w(r—4) =(4)

and so on,
Note.—~The lower limit of » may be put = 0, because all those terms in

which 7 contains a negative argument, are zero.

=2. The equations (1) to (5) may be transformed in the following way.
We put for l)l'ff\"il.\."ﬂ sake

—"5 — — ( ) 1\ ') r._..“ — A'\}f. {— R (‘;)

where
( I (l—l) (r—2) ... (r—gj -
) 2. ) Y o )

according to the notation of FHuler.®™® For numerical computations we
then obtain from (6)

5 =A 4+ 2A,B, 43 A, B2+ 4 A B 4. .. }

2 ) b )
2 + o L) g 139 = 0 *\-4 5 By e e s o
{ (l.
ey - S Rk X2

q = § Dy == . . .
PR30 W s ’

Thus the conditions (1) to (5) present themselves in the more perspicii-

onus forms

3 —
==
) \!
,l - - l
3, 5+ BA S =0 e 8)
;3 .\.'l + ‘3 )’l ;., _1?., ‘%' I;|. ‘1':; - -': ‘)
12 \' ‘) \ <2 2 } \' V.
B, 2, -2 (B; By 4 4 24 8 BB, 2 4 Byt 3,=0. |

The law of these series being evidenced from inspection, we deduce {he

next following conditions :

B, 2, 4+ 2 (B, B, 4+ B, By) X, 4+ 3 (B? By 4 B B)) 3,44 B? B, ¥, +
l lf) ' -
: o -, 0 3 y D 134° | 0 R “)2 > b
’s ‘-l "I' T."(w) (“ l‘)‘.-) + ]). )‘ + - ' 1} -+- ,‘:'(v)) (l’ll’xxl’:! -*_. ],4_{_ 4
(%) ol 7;(3).
13, 155% 5" . -
)("--—-( ( N )..\. -o‘)l‘“,_ -l”’_‘_"'_':”,
: ,.(i) ' w(2) #(R) ¢ 5 " 2
and in the general form
By 3, 4 7(R)(B, Bu—i + 2+ () (B )3+ 4B 3 =0,

each term with the sign 3 h.l.vmg' the factor =(,) and each Be having the
1 . — - 4 h .o > “C ) Y 4 .

denominator =(s). T'he factors of ¥ are alw: ays v in number, and the sum

of their indices .

There is no dilliculty in solving the equations (8), except the first,

¥ Acta Petropolitana, V. I, p.8). Though his notation is not muech used in
American text-books, it is found very handy In operating on series.
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which is of the mth degree and will be considered presently, The other
equations give the following solutions :

; ]
Hl S— -*— -
-
| I
e \!
HJ“—' '8 ~3 |
5 ) (D)
0 KT Q. WY g
B =T % b (" -4 1 =3 )
-
I), o 1 R ¥ By A T \ —i‘ ) A \‘) ele
o= S (") ag TV =y =g =g ot R ¥ V) K Chate
mand)

The formulas show, first, that in general we shall have , = @, and
secondly, that the series of the coeflicients B deereases the faster the
., TR WA L \! ',‘ \ : ) . . \ 3 ) e ) | . : - ~ 't ‘_. ol 130 O v \!
larger 2, 18.  For the quotient l’u+l : .I,M 18 of the same order as 1 = 2.,

Hence a few terms will suffice to compute v as often as the coefficient A,
19 large in comparison to the following coeflicients.
Now as to the condition

I' 1
Sy = 2 A B, BF =10,
| ¥ O)
1t i8 evident that ite exact gsolution ig impossible as often as m >4, except
In one case, viz.: when A, ==10, in which we have also B, = 0. The

approximate solution of Hw above equation by development will be ex-
plained in Part 1I,

In the special case A, = 0 we have B, = 0, because ¥ and y are
Zero at the same time. Consequently we .h:l.‘vv 2s = A and the formulas
(8) m'ly be written in the form
3 = A5 ==
l% A, =1
. + B A= ()
B A; 4 2 R B, A, 4 B Ay =10

B, A, -|- 2 (B, B, + B, By) A, 4 3 (B,? By - B B
t BB, B, 4+ B A= 0
etc., their solutions being

le mmggq,n”Aw+sngmAV+l4y48

' I
.L‘l:+. A
1
|
A," . (9
By = *‘A 5 (< \," — Ay Ay)
MZL—‘QAQ~5A”MAr~AﬁMLum

A
Parr 1.

34, When A, is not zero, the given series may be written in the form
I' == 1YL

X—aA, =3A ¥ (10)
r==]
PROC. AMER, PHILOS. 80C. XXT. 114, M. PRINTED JUNE 23, 1883.
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Here we have exactly the cage of £3 and the formulag (97) will at once
oive the coefficients of the series

y = Y Bs (¥ — A,)°. (107)

25. When it is required to have y developed into a series of ascending
powers of ¥ itself, we may proceed in the following way. Let the given
series be written in two different ways,

! i1 I' == TI
X =YA .y and ¥ — A, = 2 A, ¥,
y &0 r=]
and consequently also the reversed series
O o0 0 - w
y = 2 Bg ¥oand vy = 2 Us (3 — A,)9. (11)
0 =0 0 = 0O

The values of the € are given by the formulag (97), provided that we
write (7 instead of B, as has been explained in §4, while the coefficients 55
are still unknown. Developing (¢ — A,)% by the Newtonian formula,

we gel
(% — A,)8 = (— 1)8 b (_“ 1)A (;’) AS—A A

and equating the two series (11), we oht LN

O x A £
.1| 5'5 }{(\ — \V (___ ])/\ }(1\ \ (__. 1)6 (/6 ((;’) A”(()'———;\ ;
g = O A 0 ' 0O A
and finally by the theorem of [ndetermainate Coeflicients,
O = 0
; By =1 1jr.3 (—-1)«5( ) Cs A=A (12
O
This formula may be transformed, by changing the index § = A 4 1,
thus :
2 Rl o A T\ | |
By = (— 1A (= DA +T (77T )Oh 4 r A, (124)
' = ()

" )\ + ]" : /?\ -*— r
where instead of ( ! )w«;; may wrlt,u( = ) The convergence of

the series (12) will depend upon the coefficients €' and must be examined
in each special case; in general we can state that it always converges,
when we have

lim Cs 1 1 i

.

il .
(] =— gD (’(\ \ ‘/\ ()

Hrample.—Let it be required to reverse the series

=143y+8y+47+. ..

1
Here i8 As = 3 (0 > 0) and A, == 1, hence we obtain from (9'), writing
() instead of 2,
1 l ]
_/ """” (’ -——-—1 (‘ S : ' } — "}‘__—:_‘ - 3
() 2 71_(2)’ 3 + 7’(:;>, ( 7:(4), (/tnCo,

and in general (except Cg)
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| (— 1)A + 1]
Os = (— 1)6 < 1 - or Cx be p— - | , |
) | "(r;) s 7(A <4 1) |
Thig value substituted in (127) gives for A > 1
. ‘- o 1 (/ ]):\ -} | =0 l
BA=(—1)A+1 X1 41 — - 2 —
I\ — | e - 1 ) . e , . s R g
rd4-0 A | "T(’{ 1) T(A) r=g¢ m(r) |
(—1)A+1 3
m(A) |
and for } = 0, since C, == 0,
re=oo 1 I ’ < | :
By=—23 —n=1l= & o =l—g; |
. l T(r) a0 L

where e = 2.718281828 4 is the base of, the Nepierian system of loga-
rithmes.
Substituting these values into the first of the formulas (11) we obtain

s 20 b S2 (N L ATE |
y = ¥ Ba A= ]—-13«]——(‘. o - XA,

A=0 A= l “(:\;l
\
Consequently the given series |

2 ':’o ;“ l. [ rr

-~ Y .\-'! .\ -\ -_— ! \' .\ |
¥=14+L 4+ L 4+ L L 4...=14 3 L ,
l ~ Q; ‘1. I - I '. "‘

18 reversed in the following way :

- 7 2 »~ 4 |
y:-_l._.(,».(n = X 4 X o K g K ) '
1

l 1.2 1.2.9 1.2.8
P = o 2 ‘
-
:Q- 1—(. ‘l' (""“—' l v 1\ * |
I { |

This last formula may be tested in the following way. 'T'he given series ‘
requires that we have at the same time ¥ =1 and y = 0, consequently
the reversed series requires the identity |

] | 1 . e- l
1 = 1.2 T 1:2.8 1.2.3.4 5 e & 7

which may be verified without difficulty.

PAanrT 111.

The equations (10) and (107) imply the approzimate solution of algebraic
equalions. Pulling A, =0 and assuming for 3 any constant gquantity,
Say @, we may write these equations in the following way :

F == 1 0= I
8 = J' A ¥, solution, y =2 Bs a0 (18)
Y == ] 8 =0

The coefficients B are determined by the equations (8) and (9). We do
not say (8/) and (97), because the condition B, =0 is not by necessity
fulfilled in this case, although we have A, =0, While in §1 we have |
Stated that the reversion of the series admits of but one root of the equa- |
tion (1), since there is but one way of developing y into a series of
ascending powers of ¥, we now have to say, that all the m roots of

—— . ————. _ ——
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the equation (1) are to be considered, since our equation (13) of the mth
degree admits of m solutiong., And indeed, equation (13) being no more
an identity, we cannot say, as we did in §3, that @ and y will be zero at the
same time.
Jonsequently the condition (1) is be taken in its full extent and, since
Ay = 0, may be written this way :
P = 113
o ki ]’»U' —3 0 (14)
I = |
This equation is at once resolved into the following two:
¥ L)
By =10 and 23 A, Bt=l=), (147)
I =]
thus showing that the solution of the equation of the mih degree 18 made de-
pendent on the solution of an equation of the (m — 1)Ih degree, a8 has been
remarked also by Prof. Schlomilch on page 26 of his article referred to.
For each root B, the formulag (7) and (8) will furnish a difterent set of co-
eflicients B, B, . . .. and consequently a different value of g, and the for-
mulas (97) give at once the value of ¥ for the root I35, = 0 :

1 ‘ ) 'l L) I
og el :l‘ ——, ) 1 f :l’u o ’ fv' ‘(\,o,l" - / A ! . :l'.. - (5 ‘L«_. :‘_‘
* 1 \ l.. Z +‘ ‘,\ l;) ’ -~ l J) “.'\ 17 Z

/
a4

5*‘\1‘»*;'{“\"'1\1)"'4‘--'- (15)
As we have already noted in §2, this method 18 applicable especially
to such series in which the ﬂml, L'.()L”l(.l()llt A, 18 large in comparison
to the following ones.
Iorst example.—lLiet the given equation be

y" - 10) y - 1 == ().

Here we have A, =1, A, =10, a = — 1, and from (14/) we get the
two conditions B, = 0 a.ml I3, = — 10. By the first we obtain from (15)
Y, = — A A= A —_— = ~= 1010205
o o A 10 105 L1 & : A5
By the second condition B, = — 10, we compute from (7)
Y, = — 10, _‘_'2 =0 2= el0.;
and by means of these values from (8) or (Y)
B, = — 1~ o . B, = — '3~H::: 5-(‘.1("
fr e LR ol TRt T Tl (1L i
and finally we have from (13
Vg — — 10 4~ Koz -4 . TP & . oo = — 0.8089705. ..
10 1O [ (P 107 |

A proof of this calculation is found in that y, 4 y, 18 equal to the nega-
tive coflicient of y.

Second example.—lLiet it be required to solve the equation of the fourth
degree

yt—4 y* —20 y? 4- 100 y 4 1 = 0.
Here wehave A, =1, Ay =—4, A, =—25, A; =100, a = — 1.
The equations (14) are now
B, = 0and B — 4 B, — 20 B, 4 100 = 0.
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The Iatter admits of being resolved in the following way :
B, — 4 B, — 26 B, - 100 = (B, — 25) (B, — 4),
and thus we obtain for I3, the following numerical values 0, —5, 44, 5.
1. By the first we obtain from (15)
| 20 1650 118125
Y1777 100 T L00? 100° LOO? :
= —= ,009,975,168,8 . . .
2. By the gecond we compute from (7)
S, =—40b0, 3, =+ 185, 2, =—24, 3 =1, J =0, éte,,
and consequently from (8) or (9)
1 186 . 57650
e T e . B, e ])., — ~ , eLe,
By 4507 s | 4508 7 8 450° ’
and finally from (13
s ] l 185 | 07650
V3 == =3 450 ' 450" 4500
= — 4.997,775,744.,5
LD ]

9. In the Lthird cage ”” — --|- 4 we 'll](l {rom ('7\
' ST ’ s 9 A3 \f e ‘) 7 m— \ % —— )
N, =—86, 5, =+, 5=+12 3,=1, 5 =0, etc,

and from (9)
| : o8 1490 ., 80707

l)l‘.:"—' i l;., — - — B, == e -

: S 3 ank sy g = =5 ete.;
5L < oY o , 367 ° ’

1 23 1490 80707
Yes=%T gg T ggF T g5 T ggr T
— 4.028.296.8., . . .
4. In the fourth case B“ = - 9 we have from (7)
y =480, I, =4 05, 2, =416, 2, =1, 3 =0
and from (9)

. BUC,,

| 1 6H , TGH0 1115625
B, = D iy Dg = —em, By = — ; 1810,
l Hl) 2 H()Y : 5105 ol)?
Congequently :
g | (Gh TGH0 1115625
AT VR T B T DT At i

— |- 4.979,453,9 . ..
A proof of the work is found in the sum of the four roots,
vy, == — 0.009,975, 163, 8
V) — — 4. qu 1D Wl‘,-)
Vg = -}~ 4.028,296, 8
= -+ 4.979,455,9

-+ 4,000,000,

Inclugive of the gixth decimal place being equal to the negative coeflicient
.Of y3.




